Even and odd nonlinear charge coherent states and their nonclassical
  properties by Liu, X. -M. & Li, B.
ar
X
iv
:1
20
3.
24
38
v2
  [
qu
an
t-p
h]
  2
9 A
pr
 20
12
Even and odd nonlinear charge coherent states and
their nonclassical properties
X.-M. Liu ∗, B. Li
Department of Physics, Beijing Normal University, Beijing 100875, China
Abstract
The (over)completeness of even and odd nonlinear charge co-
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1. Introduction
The coherent states introduced by Schro¨dinger [1] and Glauber [2] are eigenstates
of the boson annihilation operator, and have the very broad range of applications
in the areas of physics [3−7]. However, in all the cases the quanta involved are
uncharged. In 1976, Bhaumik et al. [4,8,9] proposed the boson coherent states which,
possessing definite charge, are eigenstates of both the pair boson annihilation operator
and the charge operator. This kind of states are the so-called charge coherent states.
On the basis of this work, the charge coherent states for SU(2) [10], SU(3) [11], and
arbitrary compact Lie groups [12] were later developed.
The notion of charge coherent states has turned out to be very useful in vari-
ous branches, such as elementary particle physics [9,13−17], quantum field theory
[12,18,19], nuclear physics [20], thermodynamics [21−23], quantum mechanics [24],
and quantum optics [25−27]. Some proposals for implementations of such states in
quantum optics were also put forward [25,26,28−33].
The charge coherent states, also called pair coherent states, are a type of corre-
lated two-mode states, which are not only important for studying fundamental as-
pects of quantum mechanics, such as quantum nonlocality (Bell-inequality violation)
tests [34−36], but also useful in quantum information processing, such as quantum
entanglement [37,38] and quantum teleportation [39].
As is well known, the even and odd coherent states [40] are two orthonormalized
eigenstates of the square of the boson annihilation operator, and attain an important
position in the study of quantum optics [41−43]. Motivated by this idea, one of the
authors (X.-M.L.) [44] has extended the charge coherent states to the even and odd
2
charge coherent states, defined as two orthonormalized eigenstates of both the square
of the pair boson annihilation operator and the charge operator.
Quantum groups [45,46], introduced as a mathematical description of deformed
Lie algebras, have provided the possibility of extending the concept of coherent states
to the case of q-deformations [47−51]. A q-deformed harmonic oscillator [47,52] is
represented by the q-boson annihilation and creation operators, which satisfy the
quantum (q-deformed) Heisenberg-Weyl algebra [47,52,53], the latter being an ele-
mentary object in quantum groups. The q-deformed coherent states advanced by
Biedenharn [47] are eigenstates of the q-boson annihilation operator. Such states
have been well investigated [48,49,54,55], and used extensively in quantum optics
and mathematical physics [51,56−60]. Moreover, the q-deformed charge coherent
states [61,62] were introduced as eigenstates of both the pair q-boson annihilation
operator and the charge operator.
A straightforward generalization of the q-deformed coherent states is to define
the even and odd q-deformed coherent states [63], which are two orthonormalized
eigenstates of the square of the q-boson annihilation operator. On a similar route,
the authors (X.-M.L. and C.Q.) [64] have extended the q-deformed charge coherent
states to the even and odd q-deformed charge coherent states, defined as two orthonor-
malized eigenstates of both the square of the pair q-boson annihilation operator and
the charge operator.
Study of q-deformed harmonic oscillators has shown that these dynamical systems
can be interpreted as nonlinear oscillators with specific expotential dependence of
the frequency on vibration amplitude [65], thus inspiring the extension of the q-
deformations to the f -deformations for which the dependence of frequency on the
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amplitude is described by an arbitrary function (called nonlinear function) [66,67].
A f -deformed oscillator (or nonlinear oscillator) was defined by means of the f -
deformed annihilation and creation operators, which satisfy the f -deformed algebra
(or nonlinear algebra) [66,68−73]. The nonlinear coherent states [66,70,72−74] were
already constructed as eigenstates of the f -deformed annihilation operator, and their
mathematical properties and nonclassical features discussed in detail [66,74−77]. A
class of nonlinear coherent states can be realized physically as the stationary states
of the centre-of-mass motion of a trapped ion [74]. In addition, the nonlinear charge
coherent states [78,79] were introduced as eigenstates of both the pair f -deformed
annihilation operator and the charge operator.
A further development of the nonlinear coherent states is performed by the even
and odd nonlinear coherent states [80,81], which are two orthonormalized eigenstates
of the square of the f -deformed annihilation operator. In a parallel approach, the
nonlinear charge coherent states have been extended to the even and odd nonlinear
charge coherent states [82,83], defined as two orthonormalized eigenstates of both
the square of the pair f -deformed annihilation operator and the charge operator. In
this paper, it is very desirable to prove a completeness relation of the even and odd
nonlinear charge coherent states, explore their generation, and study their properties
in the aspects of both mathematics and quantum optics.
This paper is arranged as follows. In Section 2, a review of the even and odd
nonlinear charge coherent states is presented, and the proof of their completeness
relation given. Section 3 is devoted to generating such states. They are used to
realize a D-algebra of the SUf (1, 1) generators in Section 4. Their nonclassical prop-
erties, such as SUf(1, 1) squeezing, single- or two-mode f -squeezing, and two-mode
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f -antibunching, are studied in Section 5. Section 6 contains a summary of the results.
2. Completeness of even and odd nonlinear charge
coherent states
Two mutually commuting f -deformed oscillators are defined in terms of two pairs
of independent f -deformed annihilation and creation operators Ai, A
†
i (i = 1, 2),
together with corresponding number operators Ni, which are given by
Ai = aif(Ni) = f(Ni + 1)ai, Ni = a
†
iai, (1)
A†i = f
†(Ni)a
†
i = a
†
if
†(Ni + 1), (2)
where f is a well behaved operator-valued function of Ni; and ai and a
†
i are the
annihilation and creation operators of usual linear harmonic oscillators, respectively.
f is a deformation function and means nonlinearity. The definition of f -deformed
oscillators is an extension of the notion of q-deformed harmonic oscillators. The
usual harmonic oscillator and q-deformed one are the two special cases of f -deformed
oscillators with f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni [84], respectively, where
[x] =
qx − q−x
q − q−1 , (3)
with q being a positive real deformation parameter.
The f -deformed algebra commutation relations are
[Ni, Ai] = −Ai, [Ni, A†i ] = A†i , (4)
[Ai, A
†
i ] = (Ni + 1)f
2(Ni + 1)−Nif 2(Ni), (5)
where f is chosen to be real and f †(Ni) = f(Ni). Of course, the usual Heisenberg-
Weyl algebra and q-deformed one are restored when f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni,
respectively.
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Let |n〉i (n = 0, 1, 2, . . .) denote basis states of the Fock space for the mode i, where
|n〉i are eigenstates of Ni corresponding to the eigenvalues n. Thus, the operators Ai,
A†i and Ni can be realized by
Ai =
∞∑
n=0
√
nf(n)|n− 1〉i i〈n|, Ni =
∞∑
n=0
n|n〉i i〈n|, (6)
A†i =
∞∑
n=0
√
nf(n)|n〉i i〈n− 1|. (7)
We first briefly review the nonlinear charge coherent states and the even (odd)
ones. The operators A1 (A
†
1) and A2 (A
†
2) are assigned the “charge” quanta 1 and
−1, respectively. Thus the charge operator is given by
Q = N1 −N2. (8)
In view of the fact that
[Q,A1A2] = 0, (9)
the nonlinear charge coherent states are defined as eigenstates of both the pair f -
deformed annihilation operator A1A2 (≡a1f(N1)a2f(N2)) and the charge operator
Q, i.e.,
A1A2|ξ, q, f〉 = ξ|ξ, q, f〉, Q|ξ, q, f〉 = q|ξ, q, f〉, (10)
where ξ is a complex number and q is the charge number, which is a fixed integer.
Suppose the function f(n) has no zeroes at positive integers. The q-deformed har-
monic oscillator is just in this case. With the help of the two-mode Fock space’s
completeness relation
∞∑
m=0
∞∑
n=0
|m,n〉〈m,n| = I, |m,n〉 ≡ |m〉1|n〉2, (11)
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the nonlinear charge coherent states can be expanded as
|ξ, q, f〉 = Nqf
∞∑
p=max(0,−q)
ξp+min(0,q)
[p!(p+ q)!]1/2f(p)!f(p+ q)!
|p+ q, p〉
=


Nqf
∞∑
n=0
ξn
[n!(n+q)!]1/2f(n)!f(n+q)!
|n+ q, n〉, q ≥ 0,
Nqf
∞∑
n=0
ξn
[n!(n−q)!]1/2f(n)!f(n−q)! |n, n− q〉, q ≤ 0,
(12)
where the normalization factor Nqf is given by
Nqf≡Nqf(|ξ|2) =


∞∑
n=0
(|ξ|2)n
n!(n + |q|)![f(n)!f(n+ |q|)!]2


−1/2
, (13)
and
f(n)! = f(n)f(n− 1)· · ·f(1), f(0)! = 1. (14)
It is noted that the above nonlinear charge coherent states are somewhat different
from those defined in Ref. [78] ([79]), the latter being eigenstates of both the operator
a1f1(N1)a2f2(N2) (a1a2g(N1, N2)) and Q, where fi is a function of Ni; g is that of
N1 and N2. The case of f1 = f2 = f (g(N1, N2) = f(N1)f(N2)) coincides with the
results given above.
The even and odd nonlinear charge coherent states are defined as two orthonor-
malized eigenstates of both the square (A1A2)
2 and the operator Q, i.e.,
(A1A2)
2|ξ, q, f〉e(o) = ξ2|ξ, q, f〉e(o), Q|ξ, q, f〉e(o) = q|ξ, q, f〉e(o), e〈ξ, q, f |ξ, q, f〉o = 0.
(15)
The solutions to Eq. (15) are
|ξ, q, f〉e = N eqf
∞∑
p=max(0,−q/2)
ξ2p+min(0,q)
[(2p)!(2p+ q)!]1/2f(2p)!f(2p+ q)!
|2p+ q, 2p〉
=


N eqf
∞∑
n=0
ξ2n
[(2n)!(2n+q)!]1/2f(2n)!f(2n+q)!
|2n+ q, 2n〉, q ≥ 0,
N eqf
∞∑
n=0
ξ2n
[(2n)!(2n−q)!]1/2f(2n)!f(2n−q)! |2n, 2n− q〉, q ≤ 0,
(16)
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|ξ, q, f〉o
= Noqf
∞∑
p=max(0,−q/2)
ξ2p+1+min(0,q)
[(2p+ 1)!(2p+ 1 + q)!]1/2f(2p+ 1)!f(2p+ 1 + q)!
|2p+ 1 + q, 2p+ 1〉
=


Noqf
∞∑
n=0
ξ2n+1
[(2n+1)!(2n+1+q)!]1/2f(2n+1)!f(2n+1+q)!
|2n+ 1 + q, 2n+ 1〉, q ≥ 0,
Noqf
∞∑
n=0
ξ2n+1
[(2n+1)!(2n+1−q)!]1/2f(2n+1)!f(2n+1−q)! |2n+ 1, 2n+ 1− q〉, q ≤ 0,
(17)
where the normalization factors N
e(o)
qf are given by
N eqf≡N eqf(|ξ|2) =


∞∑
n=0
(|ξ|2)2n
(2n)!(2n+ |q|)![f(2n)!f(2n+ |q|)!]2


−1/2
, (18)
Noqf≡Noqf(|ξ|2) =


∞∑
n=0
(|ξ|2)2n+1
(2n+ 1)!(2n+ 1 + |q|)![f(2n+ 1)!f(2n+ 1 + |q|)!]2


−1/2
.
(19)
As two special cases, for f(n) = 1, they reduce to the usual even and odd charge
coherent states constructed by the author (X.-M.L.) [44]; for f(n) =
√
[n]/n, they
reduce to the even and odd q-deformed charge coherent states constructed by the
authors (X.-M.L. and C.Q.) [64]. Note however that |ξ, q, f〉e(o) are not eigenstates
of A1A2.
We should stress that the representation (16) ((17)) of even (odd) nonlinear charge
coherent states as bipartite pure states by a biorthogonal sum is a standard form of the
Schmidt decomposition [85−89]. Obviously, both even and odd states are entangled
states since the Schmidt number for such states is infinite.
It should be remarked that the even (odd) states |ξ, q, f〉e(o) are normalizable
provided N
e(o)
qf are non-zero and finite. This means that the terms in summation for
(N
e(o)
qf )
−2
should be such that
|ξ| < lim
n→∞nf
2(n). (20)
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If |f(n)| decreases faster than n− 12 for large n, then the range of ξ, for which the
states |ξ, q, f〉e(o) are normalizable, is restricted to values satisfying (20) and in other
cases the range of ξ is unrestricted.
From (16) and (17), it follows that
e(o)〈ξ, q, f |ξ′, q′, f〉e(o) = N e(o)qf (|ξ|2)N e(o)qf (|ξ′|2)
[
N
e(o)
qf (ξ
∗ξ′)
]−2
δq,q′ , (21)
e〈ξ, q, f |ξ′, q′, f〉o = 0. (22)
This further indicates that the even (odd) nonlinear charge coherent states are orthog-
onal with respect to the charge number q and that arbitrary even and odd nonlinear
charge coherent states are orthogonal to each other. However, these even (odd) states
are nonorthogonal with respect to the parameter ξ.
For the mean values of the operators N1 and N2, there exists the relation
e(o)〈ξ, q, f |N1|ξ, q, f〉e(o) = q + e(o)〈ξ, q, f |N2|ξ, q, f〉e(o). (23)
In terms of the even and odd nonlinear charge coherent states, the nonlinear
charge coherent states can be expanded as
|ξ, q, f〉 = Nqf
[
(N eqf)
−1|ξ, q, f〉e + (Noqf )−1|ξ, q, f〉o
]
, (24)
where the normalization factors are such that
N−2qf = (N
e
qf)
−2 + (Noqf)
−2. (25)
To make up a completeness relation of the even and odd nonlinear charge coherent
states, we introduce another type of even and odd nonlinear charge coherent states
|ξ, q, f〉〉e(o), which are two orthonormalized eigenstates of both the square (A˜1A˜2)
2
and the operator Q, where
A˜i = ai
1
f(Ni)
. (26)
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It is evident that the representations of |ξ, q, f〉〉e(o) in the two-mode Fock space are
the same as |ξ, q, f〉e(o) given in Eqs. (16) and (17) except for replacing f(n) by 1f(n) .
We now prove that the even and odd nonlinear charge coherent states form an
(over)complete set, that is to say
∞∑
q=−∞
∫
d2ξ
pi
2|ξ||q|Kq(2|ξ|)
[
(N eqfN
e
q 1
f
)−1|ξ, q, f〉e e〈〈ξ, q, f |+ (NoqfNoq 1
f
)−1|ξ, q, f〉o o〈〈ξ, q, f |
]
≡
∞∑
q=−∞
Iq = I, (27)
where Kq(Z) is the second kind of modified Bessel function of order q [90], and N
e(o)
q 1
f
is a normalization factor of |ξ, q, f〉〉e(o).
In fact, for q ≥ 0, we have
Iq =
∫
d2ξ
pi
2|ξ|qKq(2|ξ|)
1∑
j=0
∑
n,m
ξ2n+jξ∗2m+j
× f(2m+ j)!f(2m+ j + q)!|2n+ j + q, 2n+ j〉〈2m+ j + q, 2m+ j|[
(2n+ j)!(2n+ j + q)!(2m+ j)!(2m+ j + q)!
]1/2
f(2n+ j)!f(2n+ j + q)!
=
∞∫
0
d|ξ|
pi
2|ξ|q+1Kq(2|ξ|)
1∑
j=0
∑
n,m
|ξ|2(n+m+j)
pi∫
−pi
dθe2i(n−m)θ
× f(2m+ j)!f(2m+ j + q)!|2n+ j + q, 2n+ j〉〈2m+ j + q, 2m+ j|[
(2n+ j)!(2n+ j + q)!(2m+ j)!(2m+ j + q)!
]1/2
f(2n+ j)!f(2n+ j + q)!
=
1∑
j=0
∞∑
n=0
4|2n+ j + q, 2n+ j〉〈2n+ j + q, 2n+ j|
(2n+ j)!(2n+ j + q)!
∞∫
0
d|ξ||ξ|4n+2j+q+1Kq(2|ξ|)
=
1∑
j=0
Ijq
=
∞∑
n=0
|n+ q, n〉〈n+ q, n|, (28)
where
Ijq =
∞∑
n=0
|2n+ j + q, 2n+ j〉〈2n+ j + q, 2n+ j|, j = 0, 1. (29)
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Similarly, for q ≤ 0, we get
Iq =
1∑
j=0
Ijq
=
∞∑
n=0
|n, n− q〉〈n, n− q|, (30)
where
Ijq =
∞∑
n=0
|2n+ j, 2n + j − q〉〈2n+ j, 2n+ j − q|, j = 0, 1. (31)
Consequently, we derive
∞∑
q=−∞
Iq =
∞∑
n=0

 −1∑
q=−∞
|n, n− q〉〈n, n− q|+
∞∑
q=0
|n+ q, n〉〈n+ q, n|


=
∞∑
m=0
∞∑
n=0
|m,n〉〈m,n| = I. (32)
Hence, the even and odd nonlinear charge coherent states are qualified to make up an
overcomplete representation. It should be mentioned that Iq represents the resolution
of unity in the subspace where Q = q; Ie(o)q (≡I0(1)q ) represents that in the even (odd)
subspace where Q = q and satisfies
IjqI
j′
q′ = I
j
q δj,j′δq,q′. (33)
For Eq. (27), its conjugate is
∞∑
q=−∞
∫ d2ξ
pi
2|ξ||q|Kq(2|ξ|)
[
(N eqfN
e
q 1
f
)−1|ξ, q, f〉〉e e〈ξ, q, f |+ (NoqfNoq 1
f
)−1|ξ, q, f〉〉o o〈ξ, q, f |
]
≡
∞∑
q=−∞
Iq = I. (34)
Note that in (27) the ket and bra are not mutually Hermite conjugate.
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3. Generation of even and odd nonlinear charge
coherent states
From (12), (16) and (17), it follows that [82,83]
|ξ, q, f〉e = 1
2
N eqf
Nqf
(|ξ, q, f〉+ | − ξ, q, f〉), (35)
|ξ, q, f〉o =
1
2
Noqf
Nqf
(|ξ, q, f〉 − | − ξ, q, f〉). (36)
This shows that the even (odd) nonlinear charge coherent states can be obtained by
the symmetric (antisymmetric) combination of nonlinear charge coherent states as
the charge is conserved. This is similar to the case of even (odd) nonlinear coherent
states, which are combinations of nonlinear coherent states, namely,
|ξ, f〉e =
1
2
N ef
N
(|ξ, f〉+ | − ξ, f〉), (37)
|ξ, f〉o =
1
2
Nof
N
(|ξ, f〉 − | − ξ, f〉), (38)
where
|ξ, f〉 = Nf
∞∑
n=0
ξn√
n!f(n)!
|n〉, (39)
Nf≡Nf (|ξ|2) =
{ ∞∑
n=0
(|ξ|2)n
n![f(n)!]2
}−1/2
, (40)
N ef≡N ef (|ξ|2) =


∞∑
n=0
(|ξ|2)2n
(2n)![f(2n)!]2


−1/2
, (41)
Nof≡Nof (|ξ|2) =


∞∑
n=0
(|ξ|2)2n+1
(2n+ 1)![f(2n+ 1)!]2


−1/2
. (42)
Here, we find that the even (odd) nonlinear charge coherent states can also be
generated from the states (37)− (39) according to the following expression
|ξ, q, f〉e(o)
12
=

N
e(o)
qf N
−1
f (|ξ1|2)
[
N
e(o)
f (|ξ2|2)
]−1
ξ1
−q pi∫
−pi
dα
2pi
e+iqα|e−iαξ1, f〉⊗|eiαξ2, f〉e(o), q ≥ 0,
N
e(o)
qf N
−1
f (|ξ1|2)
[
N
e(o)
f (|ξ2|2)
]−1
ξ1
+q
pi∫
−pi
dα
2pi
e−iqα|eiαξ2, f〉e(o)⊗|e−iαξ1, f〉, q ≤ 0,
(43)
where ξ = ξ1ξ2. Such a representation is very useful since the properties of nonlinear
coherent states and even (odd) nonlinear coherent states can now be employed in a
study of the properties of even (odd) nonlinear charge coherent states. The expression
for the latter given in (43) has a very simple group-theoretical interpretation: in (43)
one suitably averages over the U(1)-group (caused by the charge operator Q) action
on the product of nonlinear coherent states and even (odd) nonlinear coherent states,
which then projects out the Q = q charge subspace contribution.
It is easy to see that in the two special cases of f(n) = 1 and f(n) =
√
[n]/n, the
above discussion gives back the corresponding results for the usual even (odd) charge
coherent states obtained in Ref. [44] and the even (odd) q-deformed charge coherent
states in Ref. [64], respectively.
On the other hand, from the entangled nonorthogonal state point of view, the even
(odd) nonlinear charge coherent states given in (43) are represented as a continuous
entangled sum of nonlinear coherent states and even (odd) nonlinear coherent states.
Therefore, following the definition of entangled coherent states [91−93], we call them
generalized entangled nonlinear coherent states.
4. D-algebra realization of SUf(1, 1) generators
As is well known, the coherent state D-algebra [6,94] is a mapping of quantum
observables onto a differential form that acts on the parameter space of coherent
states, and has a beautiful application in the reformulation of the entire laser theory
in terms of C-number differential equations [95]. We shall construct the D-algebra
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realization of the f -deformed SUf(1, 1) generators corresponding to the unnormalized
even and odd nonlinear charge coherent states, defined by
||q〉e(o)≡||ξ, q, f〉e(o) =
[
N
e(o)
qf
]−1|ξ, q, f〉e(o). (44)
Let ||q〉 denote a column vector composed of ||q〉e and ||q〉o, i.e.,
||q〉≡
[ ||q〉e
||q〉o
]
. (45)
The action of the operators Ai, A
†
i , A˜i, A˜
†
i and Ni on this column vector can be
written in the matrix form of differential operators,
Positive Q Negative Q
A1||q〉 = ||q − 1〉 A1||q〉 = ξM ||q − 1〉
A2||q〉 = ξM ||q + 1〉 A2||q〉 = ||q + 1〉
A†1||q〉 = ξ−qf 2( ddξ ξ) ddξξq+1||q + 1〉 A†1||q〉 = f 2( ddξ ξ) ddξM ||q + 1〉
A†2||q〉 = f 2( ddξ ξ) ddξM ||q − 1〉 A†2||q〉 = ξqf 2( ddξξ) ddξ ξ−q+1||q − 1〉
N1||q〉 =
(
ξ d
dξ
+ q
)
||q〉 N1||q〉 = ξ ddξ ||q〉
N2||q〉 = ξ ddξ ||q〉 N2||q〉 =
(
ξ d
dξ
− q
)
||q〉
A˜1||q〉 = ξ−q+1 1f2( d
dξ
ξ)
ξq−1||q − 1〉 A˜1||q〉 = ξ 1f2( d
dξ
ξ)
M ||q − 1〉
A˜2||q〉 = ξ 1f2( d
dξ
ξ)
M ||q + 1〉 A˜2||q〉 = ξq+1 1f2( d
dξ
ξ)
ξ−q−1||q + 1〉
A˜†1||q〉 =
(
ξ d
dξ
+ q + 1
)
||q + 1〉 A˜†1||q〉 = ddξM ||q + 1〉
A˜†2||q〉 = ddξM ||q − 1〉 A˜†2||q〉 =
(
ξ d
dξ
− q + 1
)
||q − 1〉,
(46)
where
M =
[
0 1
1 0
]
, (47)
1
f( d
dξ
ξ)
is the inverse of f( d
dξ
ξ), and the action of f( d
dξ
ξ) on ξn is given by
f(
d
dξ
ξ)ξn = f(n+ 1)ξn. (48)
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Some useful relations for differential operators are as follows:
f(
d
dξ
ξ)
d
dξ
=
d
dξ
f(ξ
d
dξ
), ξf(
d
dξ
ξ) = f(ξ
d
dξ
)ξ, (49)
ξ−nf(
d
dξ
ξ)ξn = f(
d
dξ
ξ + n), ξ−nf(ξ
d
dξ
)ξn = f(ξ
d
dξ
+ n), (50)
where the action of f(ξ d
dξ
) is given by
f(ξ
d
dξ
)ξn = f(n)ξn. (51)
Comparing the formulae in (46) in the q-deformed case of f(n) =
√
[n]/n with those
obtained in Ref. [64] for the even and odd q-deformed charge coherent states, and
using (49) or (50), we have
d
dqξ
= [
d
dξ
ξ]ξ−1 = ξ−1[ξ
d
dξ
], (52)
where d/dqξ is a q-differential operator [49,54,96], defined by
d
dqξ
f(ξ) =
f(qξ)− f(q−1ξ)
qξ − q−1ξ . (53)
Thus, we get an important result that the q-differential operator can be realized
by the standard differential operator according to the expression (52). It should be
noticed that the operator ξ−1[ξ d
dξ
] in (52) was already introduced by Solomon [72].
It is easy to check that in the two special cases of f(n) = 1 and f(n) =
√
[n]/n,
the above discussion gives back that carried out in Refs. [44,64] for the usual even
(odd) charge coherent states and the even (odd) q-deformed ones, respectively.
Let us define the f -deformed SUf(1, 1) algebra, which consists of three generators
K0, K+ and K−, where
K− = A1A2, K+ = A˜
†
1A˜
†
2, K0 =
1
2
(N1 +N2 + 1), (54)
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the latter satisfying the commutation relations
[K+, K−] = −2K0, [K0, K±] = ±K±, (55)
while their Hermitian conjugates satisfying the dual algebra
[K†−, K
†
+] = −2K0, [K0, K†∓] = ±K†∓. (56)
Note that K0 is Hermitian whereas K+ and K− are not generally required to be
Hermitian conjugate to each other. Obviously, this algebra ia a generalization of the
SU(1, 1) Lie algebra. When K+ and K− are Hermitian conjugate to each other in
the special case of f(Ni) = 1, i.e., K
†
− = K+, the SUf (1, 1) algebra contracts to the
SU(1, 1) Lie algebra. Actually, the even and odd nonlinear charge coherent states are
also eigenstates of the square of K−.
The D-algebra of the SUf (1, 1) generators A may be defined for the action on the
ket coherent states (45) or for that on the corresponding bras as
A||q〉 = Dk(A)||q〉, (57)
〈q||A = Db(A)〈q||, (58)
respectively. Using (46) and (54), we get for the former
Dk(K−) = ξM, (59)
Dk(K+) =
d
dξ
(ξ
d
dξ
+ |q|)M, (60)
Dk(K0) =
1
2
(
2ξ
d
dξ
+ |q|+ 1
)
I, (61)
Dk(K†−) = ξ
−|q|f 2(
d
dξ
ξ)
d
dξ
ξ|q|+1f 2(
d
dξ
ξ)
d
dξ
M, (62)
Dk(K†+) = ξ
−|q|+1 1
f 2( d
dξ
ξ)
ξ|q|
1
f 2( d
dξ
ξ)
M, (63)
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while the latter can be obtained from the adjoint relation
Db(A) =
[
Dk(A†)
]∗
. (64)
Thus, the D-algebra of the SUf(1, 1) generators corresponding to the unnormalized
even and odd nonlinear charge coherent states has been realized in a differential-
operator matrix form.
From (45), (47), (57) and (59), we clearly see that the unnormalized even and odd
nonlinear charge coherent states can be transformed into each other by the action of
the operator A1A2. Actually, A1A2 plays the role of a connecting operator between
the two kinds of states.
5. Nonclassical properties of even and odd nonlin-
ear charge coherent states
In this section, we will study some nonclassical properties of the even and odd
nonlinear charge coherent states, such as SUf (1, 1) squeezing, single- or two-mode
f -squeezing, and two-mode f -antibunching.
5.1. SUf(1, 1) squeezing
In analogy with the definition of SUq(1, 1) squeezing [64,97], which is a q-deformed
analouge to SU(1,1) squeezing [44,98,99], we introduce SUf (1, 1) squeezing in terms
of the Hermitian f -deformed quadrature operators
X1 =
K†− +K−
2
, X2 =
i(K†− −K−)
2
, (65)
which satisfy the commutation relation
[X1, X2] =
i
2
[K−, K
†
−] =
i
2
[(N1+1)f
2(N1+1)(N2+1)f
2(N2+1)−N1f 2(N1)N2f 2(N2)]
(66)
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and the uncertainty relation
〈(∆X1)2〉〈(∆X2)2〉≥ 1
16
|〈[K−, K†−]〉|
2
. (67)
A state is said to be SUf(1, 1) squeezed if
〈(∆Xi)2〉 < 1
4
|〈[K−, K†−]〉| (i = 1 or 2). (68)
Obviously, SU(1,1) and SUq(1, 1) squeezing are the two special cases of SUf(1, 1)
squeezing with f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni, respectively. Therefore, SUf(1, 1)
squeezing is a natural extension of SU(1,1) and SUq(1, 1) squeezing.
Let us now calculate the fluctuations (variances) of X1 and X2 with respect to
the even and odd nonlinear charge coherent states. Using (54), (57)−(59) and (64),
we get
e〈ξ, q, f |K†−K−|ξ, q, f〉e = |ξ|2 tanhqf |ξ|2, (69)
o〈ξ, q, f |K†−K−|ξ, q, f〉o = |ξ|2 cothqf |ξ|2, (70)
where
tanhqf |ξ|2 ≡
sinhqf |ξ|2
coshqf |ξ|2
, cothqf |ξ|2 ≡ 1
tanhqf |ξ|2
, (71)
with
sinhqfx ≡
[
Noqf(x)
]−2
, coshqfx ≡
[
N eqf(x)
]−2
. (72)
Furthermore,
e(o)〈K−〉e(o) = e(o)〈K†−〉e(o) = 0. (73)
Thus, the fluctuations are given by
e〈(∆X1)2〉e =
1
4
e〈[K−, K†−]〉e +
1
2
|ξ|2(cos 2θ + tanhqf |ξ|2), (74)
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e〈(∆X2)2〉e =
1
4
e〈[K−, K†−]〉e +
1
2
|ξ|2(− cos 2θ + tanhqf |ξ|2), (75)
o〈(∆X1)2〉o =
1
4
o〈[K−, K†−]〉o +
1
2
|ξ|2(cos 2θ + cothqf |ξ|2), (76)
o〈(∆X2)2〉o =
1
4
o〈[K−, K†−]〉o +
1
2
|ξ|2(− cos 2θ + cothqf |ξ|2). (77)
According to (74)−(77), SUf (1, 1) squeezing of the states |ξ, q, f〉e(o) occurs as
long as
± cos 2θ + tanhqf |ξ|2 < 0, (78)
± cos 2θ + cothqf |ξ|2 < 0, (79)
for one of the sign choices. Choose θ to be pi
2
or 0, so that ± cos 2θ = −1. Conditions
(78) and (79) may or may not be realized, depending on the assumed functional
form of f(n). When |f(n)| ≤ |f(n + 1)| (f(n) = 1 and f(n) =
√
[n]/n included),
tanhqf |ξ|2 < 1 for |ξ| ≤ f 2(1). Thus, condition (78) can be satisfied for |ξ| ≤ f 2(1)
when |f(n)| ≤ |f(n + 1)|. When f(n) = 1√
n1−p
(p ≥ 1) (f(n) = 1 included), from
(18), (19), (71) and (72), we have
cothqfx =
∞∑
n=0
x2n
[(2n)!(2n+|q|)!]p
∞∑
n=0
x2n+1
[(2n+1)!(2n+1+|q|)!]p
≡ cothqpx, (80)
where x = |ξ|2. In fact, for arbitrary fixed values of q and p, there surely exists some
range of x values such that cothqpx < 1. As shown in Ref. [44], it is indeed true for
p = 1 (i.e., f(n) = 1). To make the above statement clear, we plot cothqpx against x
for various q and p in Fig. 1. Thus, for arbitrary fixed values of q and p, condition
(79) can also be satisfied over some limited range of x values when f(n) = 1√
n1−p
(p ≥ 1). Moreover, condition (79) also holds when f(n) =
√
[n]/n [64].
From the above discussion, we know that the possibility of occurrence of SUf(1, 1)
squeezing for the even and odd nonlinear charge coherent states, depends on the
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particular form of f(n). Indeed, the even nonlinear charge coherent states can exhibit
SUf (1, 1) squeezing when |f(n)| ≤ |f(n + 1)|; the odd states can also do when
f(n) = 1√
n1−p
(p ≥ 1) and f(n) =
√
[n]/n. It is mentioned that for the usual
even (odd) charge coherent states and the even (odd) q-deformed ones described
by f(n) = 1 and f(n) =
√
[n]/n respectively, a detailed discussion of SU(1,1) and
SUq(1, 1) squeezing has been presented in Refs. [44,64].
It is easy to verify that the nonlinear charge coherent states satisfy the equality in
(67) and that 〈(∆X1)2〉 = 〈(∆X2)2〉. Therefore, the nonlinear charge coherent states,
contrary to the even and odd ones, are not SUf (1, 1) squeezed.
5.2. Single-mode f-squeezing
In analogy with the definition of single-mode q-squeezing [64,97], which is a q-
deformed analouge to single-mode squeezing [27,44,99], we introduce single-mode
f -squeezing [82,83] in terms of the Hermitian f -deformed quadrature operators for
the individual modes
Y1 =
A†1 + A1
2
, Y2 =
i(A†1 − A1)
2
,
Z1 =
A†2 + A2
2
, Z2 =
i(A†2 −A2)
2
, (81)
which satisfy the commutation relations
[Y1, Y2] =
i
2
[A1, A
†
1], [Z1, Z2] =
i
2
[A2, A
†
2], (82)
and the uncertainty relations
〈(∆Y1)2〉〈(∆Y2)2〉≥ 1
16
|〈[A1, A†1]〉|
2
, 〈(∆Z1)2〉〈(∆Z2)2〉≥ 1
16
|〈[A2, A†2]〉|
2
. (83)
A state is said to be single-mode f -squeezed if
〈(∆Yi)2〉 < 1
4
|〈[A1, A†1]〉|, 〈(∆Zi)2〉 <
1
4
|〈[A2, A†2]〉| (i = 1 or 2). (84)
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Obviously, single-mode squeezing and q-squeezing are the two special cases of single-
mode f -squeezing with f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni, respectively. There-
fore, single-mode f -squeezing is a natural extension of single-mode squeezing and
q-squeezing.
For the even and odd nonlinear charge coherent states, it always follows that
e(o)〈A1〉e(o) = e(o)〈A2〉e(o) = e(o)〈A21〉e(o) = e(o)〈A22〉e(o) = e(o)〈A†1A2〉e(o) = 0. (85)
Thus, the fluctuations are given by
e(o)〈(∆Y1)2〉e(o) = e(o)〈(∆Y2)2〉e(o) =
1
4
{
e(o)〈[A1, A†1]〉e(o) + 2 e(o)〈A†1A1〉e(o)
}
>
1
4
e(o)〈[A1, A†1]〉e(o), (86)
e(o)〈(∆Z1)2〉e(o) = e(o)〈(∆Z2)2〉e(o) =
1
4
{
e(o)〈[A2, A†2]〉e(o) + 2 e(o)〈A†2A2〉e(o)
}
>
1
4
e(o)〈[A2, A†2]〉e(o). (87)
This shows that there is no single-mode f -squeezing in both even and odd nonlinear
charge coherent states. The same situation occurs for the nonlinear charge coherent
states [100].
5.3. Two-mode f-squeezing
In analogy with the definition of two-mode q-squeezing [64,97], which is a q-
deformed analouge to two-mode squeezing [44,99,101], we introduce two-mode f -
squeezing [82,83] in terms of the Hermitian f -deformed quadrature operators for the
two modes
W1 =
Y1 + Z1√
2
=
1√
8
(A†1+A
†
2+A1+A2), W2 =
Y2 + Z2√
2
=
i√
8
(A†1+A
†
2−A1−A2),
(88)
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which satisfy the commutation relation
[W1,W2] =
1
4
i
{
[A1, A
†
1] + [A2, A
†
2]
}
(89)
and the uncertainty relation
〈(∆W1)2〉〈(∆W2)2〉≥ 1
64
|〈[A1, A†1]〉+ 〈[A2, A†2]〉|
2
. (90)
A state is said to be two-mode q-squeezed if
〈(∆Wi)2〉 < 1
8
|〈[A1, A†1]〉+ 〈[A2, A†2]〉| (i = 1 or 2). (91)
Obviously, two-mode squeezing and q-squeezing are the two special cases of two-
mode f -squeezing with f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni, respectively. Therefore,
two-mode f -squeezing is a natural extension of two-mode squeezing and q-squeezing.
For the even and odd nonlinear charge coherent states, the fluctuations are given
by
e(o)〈(∆W1)2〉e(o) = e(o)〈(∆W2)2〉e(o) =
1
2
{
e(o)〈(∆Y1)2〉e(o) + e(o)〈(∆Z1)2〉e(o)
}
=
1
2
{
e(o)〈(∆Y2)2〉e(o) + e(o)〈(∆Z2)2〉e(o)
}
=
1
8
{
e(o)〈[A1, A†1]〉e(o) + e(o)〈[A2, A†2]〉e(o) + 2 e(o)〈A†1A1〉e(o)
+ 2 e(o)〈A†2A2〉e(o)
}
>
1
8
{
e(o)〈[A1, A†1]〉e(o) + e(o)〈[A2, A†2]〉e(o)
}
. (92)
This shows that there is no two-mode f -squeezing in both even and odd nonlinear
charge coherent states. On the contrary, there is such f -squeezing in the nonlinear
charge coherent states, depending on the particular form of f(n). As shown in Refs.
[44,64,100], two-mode f -squeezing does exist for the nonlinear charge coherent states
with f(n) = 1√
n1−p
(p ≥ 1) and f(n) =
√
[n]/n.
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5.4. Two-mode f-antibunching
In analogy with the definition of two-mode q-antibunching [64,97], which is a
q-deformed analouge to two-mode antibunching [44,99], we introduce a two-mode
f -correlation function as [82]
g(2)(0) ≡ 〈(A
†
1A
†
2)
2
(A1A2)
2〉
〈A†1A†2A1A2〉
2 =
〈 : (N1f 2(N1)N2f 2(N2))2 : 〉
〈N1f 2(N1)N2f 2(N2)〉2
=
〈(K†−)
2
K2−〉
〈K†−K−〉
2 , (93)
where Ai and A
†
i represent the annihilation and creation operators of f -deformed
photons of a nonlinear light field for the ith mode and : : denotes normal ordering.
Physically, g(2)(0) is a measure of f -deformed two-photon correlations in the nonlinear
two-mode field and is related to the f -deformed two-photon number distributions. A
state is said to be two-mode f -antibunched if
g(2)(0) < 1. (94)
Obviously, two-mode antibunching and q-antibunching are the two special cases
of two-mode f -antibunching with f(Ni) = 1 and f(Ni) =
√
[Ni]/Ni, respectively.
Therefore, two-mode f -antibunching is a natural extension of two-mode antibunch-
ing and q-antibunching.
For the even and odd nonlinear charge coherent states, we have
g(2)e (0) = coth
2
qf |ξ|2, (95)
g(2)o (0) = tanh
2
qf |ξ|2. (96)
From the above discussion about the function cothqf |ξ|2 (tanhqf |ξ|2), we see that
depending on the particular form of f(n), g
(2)
e(o)(0) can be less than 1 over some
limited range of |ξ| values, producing two-mode f -antibunching. Indeed, the even
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nonlinear charge coherent states can display such f -antibunching when f(n) = 1√
n1−p
(p ≥ 1) and f(n) =
√
[n]/n; the odd states can also do when |f(n)| ≤ |f(n+1)|. On
the contrary, for the nonlinear charge coherent states we have g(2)(0) = 1 so that no
two-mode f -antibunching exists.
It can be shown that in the two special cases of f(n) = 1 and f(n) =
√
[n]/n,
the nonclassical properties of the usual even (odd) charge coherent states studied in
Ref. [44] and the even (odd) q-deformed ones in Ref. [64], are retrieved as expected,
respectively.
6. Summary
Let us sum up the results obtained in the present paper.
(1) The (over)completeness has been proved of the even and odd nonlinear charge
coherent states, defined as two orthonormalized eigenstates of both the square of
the pair f -deformed annihilation operator a1f(N1)a2f(N2) and the charge operator
Q = N1 −N2.
(2) The even (odd) nonlinear charge coherent states have been shown to be gener-
ated by a suitable average over the U(1)-group (caused by the charge operator) action
on the product of nonlinear coherent states and even (odd) nonlinear coherent states.
They have also been demonstrated to be generalized entangled nonlinear coherent
states.
(3) The D-algebra of the SUf (1, 1) generators corresponding to the even and odd
nonlinear charge coherent states has been realized in a differential-operator matrix
form.
(4) It has been shown that the even (odd) nonlinear charge coherent states have
24
the possibility of existence of the nonclassical properties in the particular form of
f(n), and exhibit SUf (1, 1) squeezing for |f(n)| ≤ |f(n+ 1)| (f(n) = 1√n1−p (p ≥ 1))
and two-mode f -antibunching for f(n) = 1√
n1−p
(p ≥ 1) (|f(n)| ≤ |f(n + 1)|), but
neither single-mode nor two-mode f -squeezing.
Acknowledgments
X.-M.L. would like to acknowledge Master Y. Shi for discussions in drawing the
figures. We also thank postgraduate S. Zhu for her help in printing the manuscript.
This work was supported by the National Natural Science Foundation of China under
Grant No. 11075014.
25
References
[1] E. Schro¨dinger, Naturwissenschaften 14 (1926) 664.
[2] R.J. Glauber, Phys. Rev. A 131 (1963) 2766.
[3] J.R. Klauder and E.C.G. Sudarshan, Fundamentals of Quantum Optics, Ben-
jamin, New York, 1968.
[4] J.R. Klauder and B.S. Skagerstam, Coherent States – Applications in Physics
and Mathematical Physics, World Scientific, Singapore, 1985.
[5] A. Perelomov, Generalized Coherent States and Their Applications, Springer,
Berlin, 1986.
[6] W.M. Zhang, D.H. Feng and R. Gilmore, Rev. Mod. Phys. 62 (1990) 867.
[7] S.T. Ali, J.-P. Antoine and J.-P. Gazeau, Coherent States, Wavelets and Their
Generalizations, Springer, New York, 2000.
[8] D. Bhaumik, K. Bhaumik and B. Dutta-Roy, J. Phys. A 9 (1976) 1507.
[9] D. Horn and R. Silver, Ann. Phys. (N.Y.) 66 (1971) 509.
[10] K.E. Eriksson and B.S. Skagerstam, J. Phys. A 12 (1979) 2175; 14 (1981) 545(E);
B.S. Skagerstam, Phys. Lett. A 69 (1978) 76.
[11] H.Y. Fan and T.N. Ruan, Commun. Theor. Phys. 2 (1983) 1405.
[12] B.S. Skagerstam, J. Phys. A 18 (1985) 1.
[13] K.E. Eriksson, N. Mukunda and B.S. Skagerstam, Phys. Rev. D 24 (1981) 2615.
[14] J.C. Botke, D.J. Scalapino and R.L. Sugar, Phys. Rev. D 9 (1974) 813.
[15] M. Martinis and V. Mikuta, Phys. Rev. D 12 (1975) 909.
[16] M. Bosterli, Phys. Rev. D 16 (1977) 1749.
[17] N. Frascino and C.A. Nelson, Eur. Phys. J. C 39 (2005) 109.
[18] B.S. Skagerstam, Phys. Rev. D 19 (1979) 2471; 22 (1980) 534(E).
[19] G.J. Ni and Y.P. Wang, Phys. Rev. D 27 (1983) 969.
[20] P. Chattopadhyay and J. Da Providencia, Nucl. Phys. A 370 (1981) 445.
[21] B.S. Skagerstam, Z. Phys. C 24 (1984) 97.
[22] B.S. Skagerstam, Phys. Lett. B 133 (1983) 419.
[23] A.T.M. Hertz, T.H. Hansson and B.S. Skagerstam, Phys. Lett. B 145 (1984) 123.
[24] M.M. Nieto, Phys. Rev. D 30 (1984) 770.
[25] G.S. Agarwal, Phys. Rev. Lett. 57 (1986) 827.
26
[26] G.S. Agarwal, J. Opt. Soc. Am. B 5 (1988) 1940.
[27] C.C. Gerry, J. Mod. Opt. 42 (1995) 585.
[28] S.C. Gou, J. Steinbach and P.L. Knight, Phys. Rev. A 54 (1996) R1014.
[29] S.B. Zheng and G.C. Guo, Quantum Semiclass. Opt. 10 (1998) 441.
[30] M.D. Reid and L. Kripper, Phys. Rev. A 47 (1993) 552.
[31] X.B. Zou, K. Pahlke and W. Mathis, Eur. Phys. J. D 33 (2005) 297.
[32] S.B. Zheng, Phys. Rev. A 74 (2006) 043803.
[33] Y.L. Dong, X.B. Zou and G.C. Guo, Phys. Lett. A 372 (2008) 5677.
[34] A. Gilchrist, P. Deuar and M.D. Reid, Phys. Rev. Lett. 80 (1998) 3169.
[35] A. Gilchrist and M.D. Reid, Phys. Rev. A 60 (1999) 4259.
[36] K. Tara and G.S. Agarwal, Phys. Rev. A 50 (1994) 2870.
[37] R.K. Wu, S.B. Li, Q.M. Wang and J.B. Xu, Mod. Phys. Lett. B 18 (2004) 913.
[38] G.S. Agarwal and A. Biswas, J. Opt. B: Quantum Semiclass. Opt. 7 (2005) 350.
[39] A. Gaˇbris and G.S. Agarwal, Tnt. J. Quantum Inf. 5 (2007) 17.
[40] V.V. Dodonov, I.A. Malkin and V.I. Man’ko, Physica 72 (1974) 597.
[41] M. Hillery, Phys. Rev. A 36 (1987) 3796.
[42] Y.J. Xia and G.C. Guo, Phys. Lett. A 136 (1989) 281.
[43] V. Buzˇek, A. Vidiella-Barranco and P.L. Knight, Phys. Rev. A 45 (1992) 6750.
[44] X.-M. Liu, Phys. Lett. A 279 (2001) 123; 291 (2001) 465(E).
[45] V.G. Drinfeld, Quantum Groups, in: A.M. Gleason (Ed.), Proc. Int. Congr. of
Math., Berkeley, vol. I, American Mathematicial Society, Providence, RI, 1986,
p. 798.
[46] M. Jimbo, Lett. Math. Phys. 10 (1985) 63.
[47] L.C. Biedenharn, J. Phys. A 22 (1989) L873.
[48] M. Chaichian, D. Ellinas and P. Kulish, Phys. Rev. Lett. 65 (1990) 980.
[49] P.P. Kulish and E.V. Damaskinsky, J. Phys. A 23 (1990) L415.
[50] C. Quesne, Phys. Lett. A 153 (1991) 303.
[51] B. Jurcˇo, Lett. Math. Phys. 21 (1991) 51.
[52] A.J. Macfarlane, J. Phys. A 22 (1989) 4581.
27
[53] C.P. Sun and H.C. Fu, J. Phys. A 22 (1989) L983.
[54] R.W. Gray and C.A. Nelson, J. Phys. A 23 (1990) L945.
[55] A.J. Bracken, D.S. McAnally, R.B. Zhang and M.D. Gould, J. Phys. A 24 (1991)
1379.
[56] A.I. Solomon and J. Katriel, J. Phys. A 23 (1990) L1209.
[57] E. Celeghini, M. Rasetti and G. Vitiello, Phys. Rev. Lett. 66 (1991) 2056.
[58] V. Buzˇek, J. Mod. Opt. 38 (1991) 801.
[59] E.G. Floratos, J. Phys. A 24 (1991) 4739.
[60] S.H. Chiu, R.W. Gray and C.A. Nelson, Phys. Lett. A 164 (1992) 237.
[61] H.Y. Fan and C.P. Sun, Commun. Theor. Phys. 17 (1992) 243.
[62] S. Chaturvedi and V. Srinivasan, Phys. Rev. A 44 (1991) 8020.
[63] F.B. Wang and L.M. Kuang, Phys. Lett. A 169 (1992) 225.
[64] X.-M. Liu and C. Quesne, Phys. Lett. A 317 (2003) 210.
[65] V.I. Man’ko, G. Marmo, S. Solimeno and F. Zaccaria, Int. J. Mod. Phys. A 8
(1993) 3577; Phys. Lett. A 176 (1993) 173.
[66] V.I. Man’ko, G. Marmo, E.C.G. Sudarshan and F. Zaccaria, Phys. Scr. 55 (1997)
528.
[67] V.I. Man’ko, G. Marmo and F. Zaccaria, in: B. Gruber and M. Ramek (Eds.),
Symmetries in Science, Plenum, New York, 1997.
[68] V.I. Man’ko, G. Marmo, E.C.G. Sudarshan and F. Zaccaria, in: N.M. Atak-
ishiyev, T.M. Seligman and K.B.Wolf (Eds.), Proc. of the IV Wigner Sympo-
sium, World Scientific, Singapore, 1996, p. 421-428.
[69] C. Daskaloyannis, J. Phys. A 24 (1991) L789.
[70] P. Shanta, S. Chaturvedi, V. Srinivasan and R. Jagannathan, J. Phys. A 27
(1994) 6433.
[71] J. Katriel and C. Quesne, J. Math. Phys. 37 (1996) 1650.
[72] A.I. Solomon, Phys. Lett. A 196 (1994) 29.
[73] D.J. Ferna´ndez and V. Hussin, J. Phys. A 32 (1999) 3603.
[74] R. L. de Matos Filho and W. Vogel, Phys. Rev. A 54 (1996) 4560.
[75] V.I. Man’ko, G. Marmo, A. Porzio, S. Solimeno and F. Zaccaria, Phys. Rev. A
62 (2000) 053407.
[76] B. Roy and P. Roy, J. Opt. B 1 (1999) 341; 2 (2000) 65.
28
[77] H.Y. Fan and H.L. Cheng, Phys. Lett. A 285 (2001) 256.
[78] H.Y. Fan and H.L. Cheng, J. Phys. A 34 (2001) 5987.
[79] X.G. Wang, Opt. Commun. 178 (2000) 365.
[80] S. Mancini, Phys. Lett. A 233 (1997) 291.
[81] S. Sivakumar, Phys. Lett. A 250 (1998) 257.
[82] B. Li, Master Thesis (in Chinese), Beijing Normal University, Beijing, 2008.
[83] F. Eftekhari and M.K. Tavassloy, Int. J. Mod. Phys. A 17 (2010) 3481.
[84] X.C. Song, J. Phys. A 23 (1990) L821.
[85] A. Peres, Quantum Theory: Concepts and Methods, Kluwer Academic, Dor-
drecht, 2002.
[86] A. Ekert and P.L. Knight, Am. J. Phys. 63 (1995) 415.
[87] J. Preskill, Lecture Notes for Physics 229: Quantum Information and Quantum
Computation, CIT, 1998.
[88] M.A. Nielsen and I.L. Chuang, Quantum Computation and Quantum Informa-
tion, Cambridge University Press, Cambridge, 2000.
[89] S.M. Barnett, Quantum Information, Oxford University Press, New York, 2009.
[90] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Aca-
demic Press, New York, 1980.
[91] B.C. Sanders, Phys. Rev. A 45 (1992) 6811.
[92] B.C. Sanders and D.A. Rice, Phys. Rev. A 61 (1999) 013805.
[93] X.G. Wang, B.C. Sanders and S.H. Pan, J. Phys. A 33 (2000) 7451.
[94] R. Gilmore, C.M. Bowden and L.M. Narducci, Phys. Rev. A 12 (1975) 1019.
[95] M. Haken, Handbuch der Physik, vol. XXV/2, Springer, Berlin, 1970.
[96] D. Bernard and A. Leclair, Phys. Lett. B 227 (1989) 417.
[97] X.-M. Liu, C. Quesne and F. Song, J. Math. Phys. 46 (2005) 072106.
[98] K. Wo´dkiewicz and J.H. Eberly, J. Opt. Soc. Am. B 2 (1985) 458.
[99] X.-M. Liu, Phys. Lett. A 292 (2001) 23.
[100] X.-M. Liu, unpublished.
[101] R. Loudon and P.L. Knight, J. Mod. Opt. 34 (1987) 709.
29
Figure caption
Fig. 1. cothqpx against x for p = 2, 3, 4, with (a) q = 0, (b) q = ±1 and (c)
q = ±2.
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